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GENERALIZED KA¨HLER-RICCI FLOW AND THE CLASSIFICATION OF
NONDEGENERATE GENERALIZED KA¨HLER SURFACES
JEFFREY STREETS
Abstract. We study the generalized Ka¨hler-Ricci flow on complex surfaces with nondegenerate
Poisson structure, proving long time existence and convergence of the flow to a weak hyperKa¨hler
structure.
1. Introduction
Generalized Ka¨hler geometry and generalized Calabi-Yau structures first arose from investi-
gations into supersymmetric sigma models [9]. These structures were rediscovered in the work
of Hitchin [16], growing out of a search for special geometries defined by volume functionals on
differential forms. The relationship between these points of view was elaborated upon in the
thesis of Gualtieri [14]. These structures have recently attracted enormous interest in both the
physics and mathematical communities as natural generalizations of Ka¨hler Calabi-Yau struc-
tures, inheriting a rich physical and geometric theory. We will focus entirely on the “classical”
description of generalized Ka¨hler geometry (cf. [9]), i.e. not relying on the more intrinsic point
of view developed by Gualtieri [14] using Courant algebroids. For our purposes a generalized
Ka¨hler manifold is a smooth manifold M with a triple (g, I, J) consisting of two complex struc-
tures I and J together with a metric g which is Hermitian with respect to both. Moreover, the
two Ka¨hler forms ωI and ωJ satisfy
dcIωI = H = −dcJωJ , dH = 0,
where the first equation defines H, and dcI =
√−1(∂ − ∂) with respect to the complex structure
defined by I, and similarly for J .
A natural notion of Ricci flow adapted to the context of generalized Ka¨hler geometry was
introduced in work of the author and Tian [30]. We will call this flow generalized Ka¨hler-Ricci
flow (GKRF). This evolution equation was discovered in the course of our investigations into the
more general “pluriclosed flow,” [28], and has the interesting feature that the complex structures
must also evolve to preserve the generalized Ka¨hler condition. Explicitly it takes the form
∂
∂t
g = −2Rcg +1
2
H, ∂
∂t
H = ∆dH,
∂
∂t
I = L
θ
♯
I
I,
∂
∂t
J = L
θ
♯
J
J,
(1.1)
where Hij = HipqHpqj , and θI , θJ are the Lee forms of the corresponding Hermitian structures.
See §2.2 for a derivation of these equations. The metric and three-form component of the flow
initially arose as the renormalization group flow for nonlinear sigma models coupled to a skew-
symmetric B-field (cf. [24]). Supersymmetry considerations eventually related this sigma model
to generalized Ka¨hler geometry. Given this, one might expect the renormalization group flow to
preserve generalized Ka¨hler geometry. The surprising observation of [30] is that this is indeed so,
Date: January 5th, 2016.
The author was supported by NSF via DMS-1341836, DMS-1454854 and by the Alfred P. Sloan Foundation
via a Sloan Research Fellowship.
1
2 JEFFREY STREETS
but only after introducing a further evolution equation for the complex structures themselves. It
remains an interesting problem to derive these evolution equations from a Langrangian-theoretic
standpoint.
A central feature of generalized Ka¨hler geometry, observed first by Pontecorvo [25], Hitchin
[17], is that the tensor g−1[I, J ] defines a holomorphic Poisson structure. Previously the author
studied GKRF in one of the natural “extremes” of generalized Ka¨hler geometry, namely when
this Poisson structure vanishes. In this setting it was observed that the complex structures
actually remain fixed, and that the flow reduces to a nonconvex fully nonlinear parabolic equation
for a scalar potential function [27]. In this paper we focus entirely on the case when this Poisson
structure is nondegenerate, in which case we will refer to the generalized Ka¨hler structure itself
as “nondegenerate.” It is trivial to note that GKRF will preserve this condition, at least for a
short time, since it is an open condition. Whereas in the case [I, J ] = 0 the flow of complex
structures dropped out of the system, as we will see below, the evolving complex structures
essentially determine the entire GKRF in the nondegenerate setting. Our main theorem gives
a complete picture of the long time existence behavior of this flow in the case of dimension 4,
together with a rough picture of the convergence.
Theorem 1.1. Let (M4, g, I, J) be a nondegenerate generalized Ka¨hler four-manifold. The
solution to generalized Ka¨hler-Ricci flow with initial data (g, I, J) exists for all time. Moreover,
the associated almost hyperKa¨hler structure {ωKi(t)} converges subsequentially in the I-fixed
gauge to a triple of closed currents {ω∞Ki}.
Remark 1.2. (1) See Definition 3.5 for the definition of the associated almost hyperKa¨hler
structure, and see Remark 2.4 for the meaning of the flow in the “I-fixed gauge”.
(2) The triple of limiting currents can be interpreted as a weak hyperKa¨hler structure.
Conjecturally the flow should converge to a hyperKa¨hler metric exponentially in the C∞
topology but this is not yet attainable for technical reasons. In the case of tori the strong
convergence follows from ([26] Theorem 1.1).
(3) It had previously been observed (see Remark 3.2) that one could construct large classes
of nondegenerate generalized Ka¨hler structures by special deformations of hyperKa¨hler
structures. Theorem 1.1 roughly indicates that this the only way to construct such
structures.
(4) The solutions to GKRF in Theorem 1.1 are never solutions to Ka¨hler-Ricci flow, unless
the initial data is already hyperKa¨hler in which case the Ka¨hler-Ricci flow and general-
ized Ka¨hler-Ricci flow are both fixed.
It seems natural to expect similar behavior for the generalized Ka¨hler-Ricci flow in the non-
degenerate setting in all dimensions n = 4k. In particular, one might expect long time existence
and convergence of the flow to a generalized Calabi-Yau structure. In dimensions greater than
4 it does not follow directly that such a structure is hyperKa¨hler, and it would seem that more
general examples should exist, although we do not know of any. While many aspects of our proof
will certainly extend to higher dimensions, some key estimates exploit the low-dimensionality.
One important breakthrough would be to achieve, if possible, a reduction of the flow to that of
a potential function. Local constructions [22] indicate that one can express generalized Ka¨hler
structures in terms of a single potential function, but in the nondegenerate setting the objects
are described as fully nonlinear expressions in the Hessian of the potential. Thus it remains far
from clear if it is possible to reduce the GKRF to a scalar potential flow, as has been achieved
in the setting of vanishing Poisson structure (cf. [27]). Our calculations below give hope for
the possibility of such a scalar reduction, as we show for instance that all curvature quantities
involved in the flow equations can be expressed in terms of the angle function between the
complex structures.
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The proof involves a number of a priori estimates derived using the maximum principle. Much
of the structure between the two complex structures in a bihermitian triple (g, I, J) is captured
by the so-called angle function p = tr(IJ). As we will see in §4, a certain function µ of the
angle satisfies the time-dependent heat equation precisely along the flow. This yields a priori
control over the angle, and moreover a strong decay estimate for the gradient of µ. This quantity
controls the torsion, yielding a priori decay of the torsion along the flow. Given this estimate,
we switch points of view and study the flow merely as a solution to pluriclosed flow, and use the
reduction of the flow to a parabolic flow of a (1, 0)-form introduced in [26, 29]. In the presence
of this torsion decay we can establish upper and lower bounds for the metric depending on a
certain potential function associated to the flow. This potential function can be shown to grow
linearly, showing time-dependent upper and lower bounds on the metric. We then apply the Cα
estimate on the metric established in [26] to obtain full regularity of the flow. Using the decay
of the torsion we can derive the weak convergence statement in the sense of currents.
Here is an outline of the rest of the paper. In §2 we establish background results and notation,
and also review the generalized Ka¨hler-Ricci flow. Next in §3 we explain fundamental properties
of nondegenerate generalized Ka¨hler surfaces. Then in §4 we develop a number of a priori
estimates for the flow. Lastly in §5 we establish Theorem 1.1.
Acknowledgements: The author would like to thank Richard Bamler, Joel Fine, Hans-
Joachim Hein, Gang Tian, Alan Weinstein, and Qi Zhang for helpful discussions. Also, this
work owes a significant intellectual debt to the series of works [7, 9, 18, 20, 21, 22] arising from
mathematical physics. Moreover, I have benefited from many helpful conversations with Martin
Rocek in understanding these papers. The author especially thanks Marco Gualtieri for many
very useful conversations on generalized Ka¨hler geometry. Lastly, we benefited quite significantly
from Vestislav Apostolov, who provided much help in understanding his papers on bihermitian
geometry and moreover suggested obtaining convergence results in the sense of currents.
2. Background
2.1. Notation and conventions. In this section we fix notation, conventions, and recall some
fundamental constructions we will use in the sequel. First, given (M2n, g, J) a Hermitian mani-
fold, let
ω(X,Y ) = g(X,JY )
be the Ka¨hler form. The Lee form is defined to be
θ = d∗ω ◦ J.
We let ∇ denote the Levi-Civita connection of g. We will make use of two distinct Hermitian
connections, in particular the Bismut connection ∇B (see [6]) and the Chern connection ∇C .
These are defined via
g(∇BXY,Z) = g(∇XY,Z) +
1
2
dcω(X,Y,Z),
g(∇CXY,Z) = g(∇XY,Z) +
1
2
dω(JX, Y, Z).
(2.1)
Here dc =
√−1(∂ − ∂), hence
dcω(X,Y,Z) = −dω(JX, JY, JZ).
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We will denote the torsion tensors by H and T respectively, i.e.
H(X,Y,Z) = g(∇BXY −∇BYX − [X,Y ], Z)
T (X,Y,Z) = g(∇CXY −∇CYX − [X,Y ], Z).
Both the Bismut and Chern connections induce unitary connections on K−1M , with associated
Ricci-type curvatures, which we denote via
ρB,C(X,Y ) = RB,C(X,Y, Jei, ei).
We now record some formulas for Hermitian surfaces needed in the sequel.
Lemma 2.1. Let (M4, g, J) be a Hermitian surface. Then
Hijk = −J liθlωjk − J lkθlωij − J ljθlωki.(2.2)
Proof. First of all, for a complex surface we have the formula dω = θ ∧ ω, which we express in
coordinates as
(dω)ijk = θiωjk + θkωij + θjωki.
Now using that H = −dω(J, J, J), we have
Hijk = − dωpqrJpi Jqj Jrk
= − (θpωqr + θrωpq + θqωrp) Jpi Jqj Jrk
= − J liθlωjk − J lkθlωij − J ljθlωki,
as required. 
Lemma 2.2. (cf. [10]) Let (M4, g, J) be a Hermitian surface. Then
∆f = ∆Cf − 〈θ,∇f〉 .
Proof. First observe that we can express in coordinates that
J
p
i dωpjk = J
p
i [θpωjk + θkωpj + θjωkp] = J
l
iθlωjk + θkgij − θjgik.
Hence we directly compute that
∆f = gij∇i∇jf
= gij
(
∂i∂jf − Γkij∂kf
)
= gij
(
∂i∂jf − (ΓC)kij∂kf +
(
Γ− ΓC)k
ij
∂kf
)
= ∆Cf + g
ij
(
−1
2
J
p
i dωpjlg
kl
)
∇kf
= ∆Cf − 1
2
gij∇lf (Jpi θpωjl + θlgij − θjgil)
= ∆Cf − 1
2
gij∇lf (Jpi θpgjqJql + θlgij − θjgil)
= ∆Cf − 〈θ,∇f〉 .

Lemma 2.3. Let (M4, g, J) be a Hermitian surface. Then
∇iJkj =
1
2
[
−gqkθJq ωJij + Jqj θJq δki − gkmJqmθJq gij − θJj Jki
]
.
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Proof. Since J is parallel with respect to the Bismut connection we compute using (2.2) that
2∇iJkj = H lijJkl −HkilJ lj
= − glm
[
J
q
i θ
J
q ω
J
jm + J
q
mθ
J
q ω
J
ij + J
q
j θ
J
q ω
J
mi
]
Jkl + g
km
[
J
q
i θ
J
q ω
J
lm + J
q
mθ
J
q ω
J
il + J
q
l θ
J
q ω
J
mi
]
J lj
= glm
[
J
q
i θ
J
q J
r
j grm + J
q
mθ
J
q J
r
i grj + J
q
j θ
J
q J
r
mgri
]
Jkl − gkm
[
J
q
i θ
J
q J
r
l grm + J
q
mθ
J
q J
r
i grl + J
q
l θ
J
q J
r
mgri
]
J lj
= Jqi θ
J
q J
l
jJ
k
l + g
qkθJq J
r
i grj + J
q
j θ
J
q g
rkgri − Jqi θJq Jkl J lj − gkmJqmθJq gij + gkmθJj Jrmgri
= − Jqi θJq δkj + gqkθJq Jri grj + Jqj θJq δki + Jqi θJq δkj − gkmJqmθJq gij − gkmθJj grmJri
= − gqkθJq ωJij + Jqj θJq δki − gkmJqmθJq gij − θJj Jki .

2.2. Generalized Ka¨hler Ricci flow. In this subsection we review the construction of gener-
alized Ka¨hler Ricci flow (GKRF) from [29]. To begin we review the pluriclosed flow [28]. Let
(M2n, g, J) be a Hermitian manifold as above. We say that the metric is pluriclosed if√−1∂∂ω = ddcω = 0.
In [28] the author and Tian introduced the pluriclosed flow equation for such a metric,
∂
∂t
ω = − (ρB)1,1 = ∂∂∗ω + ∂∂∗ω +
√−1
2
∂∂ log det g(2.3)
where ρB is the curvature of the determinant line bundle induced by the Bismut connection as
described above, and the (1, 1) superscript indicates the projection onto the space of (1, 1) forms.
In [28] we showed that this flow preserves the pluriclosed condition and agrees with Ka¨hler-Ricci
flow when the initial data is Ka¨hler. As exhibited in ([29] Proposition 6.3), the induced pairs of
metrics and Bismut torsions (gt,Ht) satisfy
∂
∂t
g = − 2Rcg +1
2
H−Lθ♯g,
∂
∂t
H = ∆dH − Lθ♯H,
(2.4)
where Hij = HipqHpqj .
This crucial formula shows how to construct a flow which preserves generalized Ka¨hler ge-
ometry. In particular consider (M2n, g, I, J) a generalized Ka¨hler structure. Then as (g, I) and
(g, J) are pluriclosed structures, we can construct two solutions to pluriclosed flow with these
initial data, denoting the Ka¨hler forms ωIt , ω
J
t . Then let φ
I
t , φ
J
t denote the one parameter fam-
ilies of diffeomorphisms generated by (θI)♯t, (θ
J)♯t respectively. It follows from (2.4) that both
((φIt )
∗gIt , (φIt )∗HIt ) and ((φJt )∗gJt ,−(φJt )∗HJt ) are solutions to
∂
∂t
g = − 2Rcg +1
2
H,
∂
∂t
H = ∆dH,
(2.5)
with the same initial conditions, since the original structure was generalized Ka¨hler. It follows
that
(φIt )
∗gIt = (φ
J
t )
∗gJt =: gt
(φIt )
∗HIt = − (φJt )∗HJt =: Ht
defines a one-parameter family of generalized Ka¨hler structures. To make it more manifest,
observe that by construction certainly gt is compatible with both of the integrable complex
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structures (φIt )
∗I, (φJt )∗J . Thus, in principle the two complex structures must evolve to preserve
the generalized Ka¨hler condition. Making this explicit we arrive at the generalized Ka¨hler-Ricci
flow system (cf. [30]):
∂
∂t
g = −2Rcg +1
2
H, ∂
∂t
H = ∆dH,
∂
∂t
I = L
θ
♯
I
I,
∂
∂t
J = L
θ
♯
J
J,
as claimed in the introduction.
Remark 2.4. In obtaining estimates for the flow, we will exploit two different points of view,
each of which makes performing certain calculations easier. Certain estimates will use the system
(1.1) directly, which we will call a solution “in the B-field gauge.” Other times it is easier to
work with pluriclosed flow directly, so we pull back the flow to the fixed complex manifold
(M2n, I). In other words by pulling back the entire system by the family of diffeomorphisms
(φIt )
−1 we return to pluriclosed flow on (M2n, I), which encodes everything about the GKRF
except the other complex structure. But the construction above makes clear that the other
complex structure is
Jt =
[
(φIt )
−1 ◦ φJt
]∗
J.
We will refer to this point of view on GKRF as occurring “in the I-fixed gauge.”
3. Nondegenerate generalized Ka¨hler surfaces
In this section we record some basic properties of generalized Ka¨hler surfaces with nondegen-
erate Poisson structure. First we derive special linear algebraic aspects of this structure related
to the angle function, (see Definition 3.1), which plays a central role throughout what follows.
Next we record some background on the Poisson structures associated to a generalized Ka¨hler
manifold, and its relationship to the construction of large families of nondegenerate generalized
Ka¨hler structures. Then we exhibit some general identites for the curvature and torsion of these
structures which further emphasize the central role of the angle function, and which are essential
to the analysis to follow.
3.1. Linear algebraic structure. In this subsection we recall well-known fundamental linear
algebraic properties of biHermitian four-manifolds. The low dimensionality results in some key
simplifications which are central to the analysis to follow.
Definition 3.1. Given (M2n, g, I, J) a biHermitian manifold, let
p =
1
2n
tr(I ◦ J)
denote the angle between I and J . Observe that since I and J are both compatible with g, by
the Cauchy-Schwarz inequality we obtain
|p| = 1
2n
∣∣∣〈I, J〉g∣∣∣ ≤ 12n |I|g |J |g = 1.
Lemma 3.2. Let (M4, g, I, J) be a biHermitian manifold where I and J induce the same ori-
entation. Then
{I, J} = 2p1.
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Proof. Since I and J induce the same orientation, ωI and ωJ are both self-dual forms. Fix some
point x ∈M , and consider a g-orthonormal basis ω1, ω2, ω3 for self-dual two forms at x. Direct
calculations show that the corresponding endomorphisms given by raising an index via g, call
them Ki, all anticommute and satisfy the quaternion relations. Moreover, since we can express
FI = aω1 + bω2 + cω3,
with a2 + b2 + c2 = 1, it follows that I (and similarly J) are part of this quaternionic structure.
In particular we may write
I = aIK1 + bIK2 + cIK3, J = aJK1 + bJK2 + cJK3.
Since the Ki pairwise anticommute one then directly computes that
{I, J} = − 2(aIaJ + bIbJ + cIcJ)1.
That is, {I, J} is diagonal, and this forces the final equation by the definition of p. 
Lemma 3.3. Let (M4, g, I, J) be a biHermitian manifold where I and J induce the same ori-
entation. Then
[I, J ]2 = 4
(
p2 − 1) 1.
Proof. We directly compute
[I, J ]2 = (IJ − JI)(IJ − JI)
= IJIJ + JIJI − 21
= IJ(−JI + 2p1) + JI(−IJ + 2p1)− 21
= 2p{I, J} − 41
= 4
(
p2 − 1)1.

Given (M2n, g, I, J) a generalized Ka¨hler manifold, let
σ = g−1[I, J ] ∈ Λ2TM.
It was observed by Pontecorvo [25] that when n = 4, this defines a holomorphic Poisson structure.
This was extended to higher dimensions by Hitchin [17]. In particular, σ is of type (2, 0)+ (0, 2)
with respect to both complex structures, and is holomorphic with respect to both complex
structures.
Definition 3.4. Given (M2n, g, I, J) a generalized Ka¨hler manifold, we say that it is nondegen-
erate if σ defines a nondegenerate pairing on TM .
Observe via Lemma 3.3 that a generalized Ka¨hler structure in nondegenerate if and only if
|p| < 1. A nondegenerate holomorphic Poisson structure defines, via its inverse, a holomorphic
symplectic form Ω. Complex manifolds admitting such structures are fairly rigid, and in partic-
ular for complex surfaces can only be tori or K3. Moreover, a nondegenerate generalized Ka¨hler
structure determines an almost hyperKa¨hler structure as we next define.
Definition 3.5. Let (M4, g, I, J) be a nondegenerate generalized Ka¨hler structure. The asso-
ciated almost hyperKa¨hler structure is the triple (K0,K1,K2) where
K0 = q
−1(IJ + p1), K1 = I, K2 = q−1(J − pI),(3.1)
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for q =
√
1− p2. Each Ki is an almost complex structure compatible with the given confor-
mal class, and we will equivalently refer to the associated Ka¨hler forms {ωKi} as the almost
hyperKa¨hler structure. Direct calculations show that any pair of ωKi satisfies
ωKi ∧ ωKi = ωKj ∧ ωKj , ωKi ∧ ωKj = 0.(3.2)
Later we will need an explicit formula for the Ka¨hler form associated to K0. Direct calculations
show that
ωK0 = Ω− iωK1(3.3)
As it turns out, this associated Ka¨hler forms encode the almost complex structures, as made
precise in the following lemma:
Lemma 3.6. ([2] Lemma 5, cf. [11, 23]) Let M be an oriented 4-manifold and Φ1,Φ2 a pair of
nondegenerate real 2-forms on M satisfying the conditions
Φ1 ∧ Φ1 = Φ2 ∧ Φ2, Φ1 ∧Φ2 = 0.
Then there is a unique almost-complex structure J on M such that the 2-form Ω = Φ1−
√−1Φ2
is of type (2, 0) with respect to J . If moreover Φ1 and Φ2 are closed, then J is integrable and Ω
defines a holomorphic symplectic structure on (M,J).
3.2. Local generality. Given the existence of so much rigid holomorphic Poisson structure,
one might think that nondegenerate generalized Ka¨hler manifolds are perhaps are fully rigid,
with only finite dimensional classes of examples. This is not the case, as was shown by ([2, 13]).
We follow the discussion of ([13] Examples 6.31, 6.32). There it is shown that the specification
of a nondegenerate generalized Ka¨hler structure in dimension n = 4 with the same orientation
is equivalent to specifying three closed 2-forms B,ω1, ω2 such that
B ∧ ω1 = B ∧ ω2 = ω1 ∧ ω2 = ω21 + ω22 − 4B2 = 0, ω21 = λω22 , λ > 0.(3.4)
In particular, given this data, the generalized Ka¨hler structure is determined by pure spinors
eB+
√−1ω1 , e−B+
√−1ω2 (see [13] for the pure spinor description of generalized Ka¨hler structures).
One can use this interpretation to produce non-hyperHermitian nondegenerate generalized
Ka¨hler structures. In particular, start with a hyperKa¨hler triple (M,g, I, J,K), and let Ft be
a one-parameter family of diffeomorphisms generated by a ωK-Hamiltonian vector field. For t
sufficiently small, the forms
B = ωK , ω1 = ωI − F ∗t ωJ , ω2 = ωI + F ∗t ωJ
satisfy (3.4). Moreover, as shown in ([2] Lemma 6), if f denotes the ωK-Hamiltonian func-
tion generating the ωK Hamiltonian vector field, then for the angle function associated to the
generalized Ka¨hler data one has
∂
∂t
p
∣∣∣∣
t=0
=
1
2
∆f.
Hence for any nonconstant f one produces structures with nonconstant angle, which are hence
not hyperKa¨hler (cf. Lemma 3.7 below). This same deformation was used in [2] to produce
non-hyperHermitian, strongly biHermitian, conformal classes on hyperHermitian Hopf surfaces.
However, as exhibited in [2] Corollary 2, the Gauduchon metrics in these conformal classes
are never generalized Ka¨hler, and so these do not play a role in the analysis of Theorem 1.1.
Note that in this example the Poisson structure is ωK , and is crucial to the construction of
the deformation. This type of deformation, arising from the associated Poisson structure, was
generalized by Goto [12].
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Hence there are large families of nondegenerate generalized Ka¨hler structures. As it turns
out, it is possible to give a simple characterization of when such a structure on a surface is
hyperKa¨hler. This lemma is generally known (cf. [25]), and we include a simple proof based on
our curvature calculations.
Lemma 3.7. Let (M4, g, I, J) be a nondegenerate generalized Ka¨hler surface. Then (M4, g) is
hyperKa¨hler if and only if p is constant.
Proof. It follows from direct calculations that any two complex structures which are part of a
hyperKa¨hler sphere have constant angle. Conversely, if p is constant then it follows from Lemma
3.11 below that θI = θJ = 0, which since we are on a complex surface implies dωI = 0, i.e. that
the metric is Ka¨hler. It then follows from Lemma 3.13 that the metric is Calabi-Yau, hence
hyperKa¨hler. 
3.3. Torsion and curvature identities. Here we record a number of useful identities for
the torsion and curvature of generalized Ka¨hler manifolds. Most of these identities have been
previously observed in the literature, but we include the short derivations for completeness and
to fix conventions/notation.
Lemma 3.8. ([3] Proposition 3) Let (M4, g, I, J) be a generalized Ka¨hler manifold such that I
and J induce the same orientation. Then θI = −θJ .
Proof. Note that ωI is self-dual. Moreover, since I induces the metric orientation the action of
I on forms commutes with Hodge star. Hence
θI = Id∗ωI = I ⋆ d ⋆ ωI = I ⋆ dωI = ⋆IdωI = ⋆HI .
Similarly one obtains θJ = ⋆HJ . Since HI = −HJ the result follows. 
Remark 3.9. Given the result of Lemma 3.8, to simplify notation we will adopt the convention
θ = θI .
Lemma 3.10. (cf. [2] Lemma 7) Let (M4, g, I, J) be a nondegenerate generalized Ka¨hler four-
manifold. Then
dp =
1
4
(
θI − θJ) [I, J ] = 1
2
θ[I, J ].
Proof. By Lemma 2.1 we have
Hijk = −J liθlωjk − J lkθlωij − J ljθlωki.
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Thus we compute
4∇ap = ∇a (IsrJrs )
= ∇aIsrJrs + Isr∇aJrs
=
1
2
(
(HI)tarI
s
t − (HI)satItr
)
Jrs +
1
2
Isr
[
(HJ)tasJ
r
t − (HJ)ratJ ts
]
= − 1
2
[
gtv
(
Iwa θ
I
wω
I
rv + I
w
v θ
I
wω
I
ar + I
w
r θ
I
wω
I
va
)]
Ist J
r
s
+
1
2
[
gsv
(
I laθ
I
l ω
I
tv + I
w
v θ
I
wω
I
at + I
w
t θ
I
wω
I
va
)]
ItrJ
r
s
− 1
2
Isr
[
gtv
(
J laθ
J
l ω
J
sv + J
l
vθ
J
l ω
J
as + J
l
sθ
J
l ω
J
va
)]
Jrt
+
1
2
Isr
[
grv
(
J laθ
J
l ω
J
tv + J
l
vθ
J
l ω
J
at + J
l
tθ
J
l ωva
)]
J ts
=
12∑
i=1
Ai.
Direct calculations show that A1 = A4 = A7 = A10 = 0. On the other hand we have
2A2 = − gtvIwv θIwωIarIst Jrs = gtvIwv θIwIpagprIst Jrs = gwsθIwIpagprJrs = −θIrIpaJwp = −θI(JI)a,
2A3 = − gtvIwr θIwωIvaIst Jrs = gtvIwr θIwIpvgpaIst Jrs = gpsIwr θIwgpaJrs = θI(IJ)a,
2A5 = g
svIwv θ
I
wω
I
atI
t
rJ
r
s = −gsvIwv θIwIpagptItrJrs = −gsvIwv θIwgarJrs = gsvIwv θIwJragrs = θI(IJ)a,
2A6 = g
svIwt θ
I
wω
I
vaI
t
rJ
r
s = −gsvIwt θIwIpvgpaItrJrs = gsvθIrIpvgpaJrs = −θIrIsaJrs = −θI(JI)a,
2A8 = − IsrgtvJ lvθJl ωJasJrt = IsrgtvJ lvθJl JpagpsJrt = IsrglrθJl Jpagps = −I lpθJl Jpa = −θJ(IJ)a,
2A9 = − IsrgtvJ lsθJl ωJvaJrt = IsrgtvJ lsθJl Jpv gpaJrt = IsrgprJ lsθJl gpa = θJ(JI)a,
2A11 = I
s
rg
rvJ lvθ
J
l ω
J
atJ
t
s = −IsrgrvJ lvθJl JpagptJ ts = −IsrgrvJ lvθJl gas = IvaJ lvθJl = θJ(JI)a,
2A12 = I
s
rg
rvJ ltθ
J
l ωvaJ
t
s = −IsrgrvJ ltθJl Jpv gpaJ ts = I lrgrvθJl Jpv gpa = −I lrJraθJl = −θJ(IJ)a.
The first claimed formula follows, and the second follows from Lemma 3.8. 
Lemma 3.11. Given (M4, g, I, J) a nondegenerate generalized Ka¨hler structure, one has
θ =
1
2(p2 − 1)dp[I, J ].
Proof. Combining Lemmas 3.3 and 3.10 we have that
dp[I, J ] =
1
4
(θI − θJ)[I, J ]2 = 1
2
θ[I, J ]2 = 2(p2 − 1)θ.

Lemma 3.12. Let (M4, g, I, J) be a nondegenerate generalized Ka¨hler four-manifold. Then
(1) 〈dp, θ〉 = 0.
(2) |θ|2 = |dp|2(1−p2)
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Proof. We directly compute using Lemma 3.10,
〈dp, θ〉 = gijdpiθj
= gij
[
θk[I, J ]
k
i θj
]
= gij
[
θkθj
(
Ikl J
l
i − Jkl I li
)]
= θkI
k
l J
l
iθ
i + θkθjJ
k
l g
liI
j
i
= θkI
k
l J
l
iθ
i − θkθjgklJ il Iji
= θkI
k
l J
l
iθ
i − θjIji J il θl
= 0.
Next using Lemma 3.11 we have
|θ|2 = gijθiθj
= gij
(
1
2(p2 − 1)dpk[I, J ]
k
i
)(
1
2(p2 − 1)dpl[I, J ]
l
j
)
= − 1
4(p2 − 1)2 dpkg
ki[I, J ]ji [I, J ]
l
jdpl
=
1
(1− p2) |dp|
2 .

Lemma 3.13. Let (M4n, g, I, J) be a nondegenerate generalized Ka¨hler structure. Then
(ρIC)
1,1 = − dId log
√
det[I, J ].
In particular, when n = 1 we have that
ρIC = − dId log(1− p2).
Proof. First we observe that since ℧ := Ωn is a holomorphic volume form, the Chern connection
on the canonical bundle associated to the volume form ℧ ∧ ℧ is flat. Hence
ρIC(ω
n
I ) = ρ
I
C(℧ ∧℧)− dId log
ωnI
℧ ∧ ℧ = −dId log
ωnI
℧ ∧ ℧
Then we note that
ωnI = dVg
=
√
det gijdx
1 · · · ∧ dx4n
=
√
det (Ω[I, J ])dx1 ∧ · · · ∧ dx4n
=
√
det[I, J ] Pf Ω
=
√
det[I, J ]℧ ∧℧.
In the case n = 1, using Lemma 3.3 we see that√
det[I, J ] = 4(1 − p2).
Hence the second result follows. 
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4. Nondegenerate Generalized Kahler Ricci flow
In this section we derive the main a priori estimates employed in the proof of Theorem 1.1.
The a priori estimates roughly break into two parts. First we derive evolution equations for
functions associated to the angle function in the B-field flow gauge. Very surprisingly, a certain
function of the angle is a solution to the time-dependent heat equation with no reaction terms.
Direct maximum principle arguments based on this simple evolution equation lead to a number
of strong a priori estimates on the torsion, which play a central role in the proof. Second, we
study the flow in the I-fixed gauge, utilizing a certain reduction of the pluriclosed flow to a flow
for a (1, 0)-form and a potential function to obtain further a priori estimates, including uniform
equivalence of the evolving volume form.
Once these estimates are in place we can obtain the long time existence and convergence of
the flow by a familiar path. In particular, one can exploit the potential function to obtain an a
priori estimate for the trace of the metric with respect to a background metric. Since we have
already estimated the volume form, this yields uniform equivalence of the metric along the flow.
Once these are in place we can invoke the Cα estimate for the metric shown in [26] to obtain
the full regularity of the flow. Many of these estimates are not uniform as time goes to infinity,
but we can exploit the decay of the torsion tensor to obtain the weak convergence claims.
4.1. A priori estimates using the angle function.
Lemma 4.1. Let (M4, gt, It, Jt) be a solution to GKRF with nondegenerate initial condition in
the B-field gauge. Then
∂
∂t
p = ∆p+
2p |dp|2
(1− p2) .
Proof. Recall that for a complex structure J and a vector field X we have
(LXJ)
l
k = X
q∇qJ lk − Jpk∇pX l +∇kXpJ lp.
Thus we can compute
∂
∂t
4p =
∂
∂t
(Ikj J
j
k)
= (LθI)
k
jJ
j
k − Ikj (LθJ)jk
=
[
θp∇pIkj − Ipj∇pθk +∇jθpIkp
]
J
j
k − Ikj
[
θq∇qJ jk − Jpk∇pθj +∇kθpJ jp
]
= θp∇pIkj J jk − Ikj θq∇qJ jk + 2 tr
(
∇θ♯ · [J, I]
)
.
We observe using Lemmas 2.3 and 3.12 that
θp∇pIkj J jk = θp
[
−gqkθIqωIpj + Iqj θIqδkp − gkmIqmθIqgpj − θIj Ikp
]
J
j
k
= θp
[
gqkθqgrjI
r
pJ
j
k + I
q
j θqJ
j
p + g
kmIqmθqgkjJ
j
p − θjIkpJ jk
]
= − θrIrj J jkθk + θqIqj J jpθp + θqIqmJmp θp − θjJ jkIkp θp
= 〈θ, θ[I, J ]〉
= 2 〈dp, θ〉
= 0.
A very similar calculation yields
−Ikj θq∇qJ jk = 0.
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Then we note using Lemmas 3.3 and 3.11 that
2 tr
(
∇θ♯ · [J, I]
)
= 2∇qθp[J, I]qp
= 2∇qθrgpr[J, I]qp
= 2∇q
[
1
2(p2 − 1)∇sp[I, J ]
s
r
]
gpr[J, I]qp
= ∇q
[
1
p2 − 1∇sp[I, J ]
s
rg
pr[J, I]qp
]
− 1
p2 − 1∇sp[I, J ]
s
rg
pr∇q[J, I]qp
= ∇q
[
1
p2 − 1∇spg
sr[J, I]pr [J, I]
q
p
]
− 2θp∇q[J, I]qp
= 4∇q∇spgsq − 2θp∇q[J, I]qp
= 4∆p+ 2θp∇q[I, J ]qp.
Now we simplify the remaining term
2θp∇q[I, J ]qp = 2θp∇q
(
IqrJ
r
p − Jqr Irp
)
= 2θp
[
(∇qIqr )Jrp + Iqr∇qJrp − (∇qJqr )Irp − Jqr (∇qIrp)
)
=
4∑
i=1
Ai.
Then
A1 = θ
pJrp
(−gtqθItωIqr + Itrθtδqq − gqmItmθtgqr − θrIqq )
= 4ItrJ
r
pθ
pθt + θ
pθtJ
r
pg
tqIvq gvr − θpθtJrpItmgqmgqr
= 4ItrJ
r
pθ
pθt − θpθtJrpItr − θpθtJrpItr
= 2ItrJ
r
pθ
pθt
= (IJ + JI)tp θ
pθt
= 2p |θ|2 .
Next
A2 = θ
pIqr
(−gtrθJt ωJqp + J tpθJt δrq − grmJ tmθJt gqp − θJp Jrq )
= (tr IJ) |θ|2 − θpIqr gtrθtJvq gvp + θpIqr grmJ tmθtgqp
= (tr IJ) |θ|2 − 2θrθvIqrJvq
= 2p |θ|2 .
Also
A3 = − θpIrp
(−gtqθJt ωJqr + J trθJt δqq − gqmJ tmθJt gqr − θJr Jqq )
= 4θpIrpJ
t
rθj + θ
pIrpg
tqθtJ
v
q gvr − θpIrpJ trθt
= 4θpIrpJ
t
rθj − θpIrpθtJ tqgqvgvr − θpIrpJ trθt
= 2θpθtJ
t
rI
r
p
= 2p |θ|2 .
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Lastly
A4 = − θpJqr
(−gtrθItωIqp + ItpθJt δrq − grmItmθIt gqp − θIpIrq )
= tr(IJ) |θ|2 − θpJqr gtrθtIvq gvp + θpJqr grmItmgqpθt
= tr(IJ) |θ|2 − θvIvq Jqr θr − θtItmJmr θr
= 2p |θ|2 .
It follows that 2θp∇q[I, J ]qp = 8p |θ|2. Hence, also applying Lemma 3.12 we obtain
∂
∂t
4p = ∆4p+ 8p |θ|2 = ∆4p+ 8p |dp|
2
1− p2 .

Lemma 4.2. Let (M4, gt, It, Jt) be a solution to GKRF with nondegenerate initial condition in
the B-field gauge. Then
∂
∂t
log
1 + p
1− p = ∆ log
1 + p
1− p.
Proof. We directly compute using Lemma 4.1
∂
∂t
log
1 + p
1− p =
1− p
1 + p
∂
∂t
1 + p
1− p
=
1− p
1 + p
[
(1− p) ∂
∂t
p− (1 + p)(− ∂
∂t
p)
(1− p)2
]
=
2
(1− p2)
[
∆p+
2p
(1− p2) |dp|
2
]
Similarly we have
∆ log
1 + p
1− p = ∇
i
[
1− p
1 + p
∇i 1 + p
1− p
]
= ∇i
{
1− p
1 + p
[
(1− p)∇ip− (1 + p)(−∇ip)
(1− p)2
]}
= ∇i
{
2
(1− p2)∇ip
}
=
2
(1− p2)
[
∆p+
2p
(1− p2) |dp|
2
]
.
(4.1)
The result follows. 
This very simple evolution equation leads to a number of crucial a priori estimates for the
flow, and the evolution equations themselves are very useful in constructing test functions. As
is well-known, for a solution to the heat equation against a Ricci flow background, the gradient
function satisfies a particularly clean evolution equation, with the evolution of the metric exactly
canceling the Ricci curvature term arising from the Bochner formula. For a solution to the B-
field flow, the contribution from the positive definite tensor H makes the corresponding evolution
equation even more useful.
Lemma 4.3. Let (Mn, gt,Ht) be a solution to (2.5), and let φt be a solution to
∂
∂t
φ = ∆gtφ.
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Then
∂
∂t
|∇φ|2 = ∆ |∇φ|2 − 2 ∣∣∇2φ∣∣2 − 1
2
〈H,∇φ⊗∇φ〉 .
Proof. Using the given evolution equations and the Bochner formula we have
∂
∂t
|∇φ|2 =
〈
2Rc−1
2
H,∇φ⊗∇φ
〉
+ 2 〈∇∆φ,∇φ〉
= 2 〈∆φ, φ〉 − 1
2
〈H,∇φ⊗∇φ〉
= ∆ |∇φ|2 − 2 ∣∣∇2φ∣∣2 − 1
2
〈H,∇φ⊗∇φ〉 ,
as required. 
Lemma 4.4. Let (M4, g) be a Riemannian manifold, and H ∈ Λ3. Then
H = |⋆H|2 g − (⋆H)⊗ (⋆H).
Proof. We express H = ⋆α, and then choose coordinates where g is the identity. It follows that
Hij = HipqHpqj = αr(dVg)ripqαs(dVg)sjpq.
It is clear that for any unit vector v orthogonal to α♯, one has H(v, v) = |α|2. On the other
hand certainly H(α♯, α♯) = 0, and so the result follows. 
Lemma 4.5. Let (M4, gt, It, Jt) be a solution to GKRF with nondegenerate initial condition in
the B-field gauge. Furthermore let µ = log 1+p1−p . Then
∂
∂t
|∇µ|2 = ∆ |∇µ|2 − 2 ∣∣∇2µ∣∣2 − 1− p2
8
|∇µ|4 = ∆ |∇µ|2 − 2 ∣∣∇2µ∣∣2 − 2
1− p2 |θ|
4 .
Proof. Combining Proposition 4.2 with Lemma 4.3 yields
∂
∂t
|∇µ|2 = ∆ |∇µ|2 − 2 ∣∣∇2µ∣∣2 − 1
2
〈H,∇µ⊗∇µ〉 .
We observe that in four dimensions, θ = ⋆H. Moreover, ∇µ is a multiple of ∇p, which is
orthogonal to θ via Lemma 3.12. It follows from Lemma 4.4 that
H(∇µ,∇µ) = |θ|2 |∇µ|2 .
On the other hand using the definition of µ (cf. 4.1) and Lemma 3.12 we have
|∇µ|2 = 4 |dp|
2
(1− p2)2 =
4
1− p2 |θ|
2 ,
and the result follows. 
Now we derive two key a priori estimates from these evolution equations via the maximum
principle.
Proposition 4.6. Let (M4, gt, It, Jt) be a solution to GKRF with nondegenerate initial condition
in the B-field gauge. Then there is a constant δ = δ(I0, J0) such that
−1 < inf p0 ≤ pt ≤ sup p0 < 1, sup
M×{t}
|∇µ|2 ≤
[
(sup |∇µ0|)−2 + δt
]−1
.
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Proof. The first inequalities follow by applying the maximum principle to the evolution equation
of Lemma 4.1. For the second we first observe that 18 inf(1− p2t ) ≥ 18 inf(1− p20) = δ > 0. Then
we apply the maximum principle to the result of Lemma 4.5 to show that sup |∇µt|2 is bounded
above by the solution to the ODE
dF
dt
= − δF 2, F (0) = sup |∇µ0|2 .
The proposition follows. 
4.2. Estimates from the decomposed pluriclosed flow. In this section we derive further a
priori estimates for the generalized Ka¨hler-Ricci flow, purely from the point of view of pluriclosed
flow. In [29] the author and Tian observed that the pluriclosed flow reduces naturally to a
degenerate parabolic flow of a (1, 0)-form. In [26] we exhibited a further decomposition into a
scalar flow coupled to a parabolic flow for a (1, 0)-form, which naturally reduces to the parabolic
complex Monge-Ampere equation when the (1, 0)-form vanishes. We review this construction in
our special setting below.
First, as in the reduction of Ka¨hler-Ricci flow to the parabolic complex Monge-Ampere equa-
tion (cf. [31]), one must choose an appropriate family of background pluriclosed metrics whose
Aeppli cohomology classes agree with those of the flowing metric. However, in our setting we
already know that (M4, I) admits a holomorphic volume form. It follows that c1 = 0, and so
we may choose a Hermitian background metric h such that ρC(h) = 0. Now suppose ωt is a
solution to pluriclosed flow on (M4, I). One can directly check using (2.3) (cf. [26] Lemma 3,
with µ = 0) that if αt solves
∂
∂t
α = ∂
∗
gtωt −
√−1
2
∂ log
det gt
det h
,
α0 = 0,
(4.2)
then the one-parameter family of pluriclosed metrics ωα = ω0+∂α+ ∂α is the given solution to
pluriclosed flow.
For technical reasons in the proof of convergence, we will actually choose a different initial
value of α, which corresponds to a different background metric, which is Ka¨hler. First of all
we claim that (M4, I) is indeed a Ka¨hler manifold, an observation originally appearing in ([3]
Proposition 2). By the Enriques-Kodaira classification of surfaces, the canonical bundle being
trivial implies that (M4, I) is either a torus, a K3 surface, or a (non-Ka¨hler) primary Kodaira
surface (see [4]). However, one can rule out the existence of any kind of biHermitian structure
(let alone generalized Ka¨hler structure) on primary Kodaira surfaces by observing that it would
imply the existence of 3 distinct harmonic self-dual forms, contradicting that b+2 (M) = 2 for such
a surface (see [2] pg. 426 for more details). Since we have now shown that (M4, I) is Ka¨hler,
([5] Theorem 12) asserts that given any pluriclosed metric ω0 on M , we can find α0 ∈ Λ1,0 such
that ω := ω0− ∂α0− ∂α0 is a Ka¨hler metric. We then express ωα = ω+ ∂ [α+ α0] + ∂ [α+ α0].
We will always make such a choice of initial condition for α without further comment.
The natural local decomposition of a pluriclosed metric as ω = ∂α + ∂α is not canonical, as
one may observe that α + ∂f describes the same metric, where f ∈ C∞(M,R). Due to this
“gauge-invariance,” the equation (4.2) is not parabolic, and admits large families of equivalent
solutions. In [26] we resolved this ambiguity by giving a different description of (4.2) which is
parabolic. In particular, as exhibited in ([26] Proposition 3.9, in the case the background metric
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is fixed and Ka¨hler), if one has a family of functions ft and (1, 0)-forms βt which satisfy
∂
∂t
β = ∆gtβ − Tgt ◦ ∂β,
∂
∂t
f = ∆gtf + trgt g + log
det gt
det h
,
α0 = β0 −
√−1∂f0,
(4.3)
then αt := βt −
√−1∂ft is a solution to (4.2). The term T ◦ ∂β is defined by
(T ◦ ∂β)i = glkgqpTikq∇lαp.
We will use this decomposition to obtain two estimates crucial to Theorem 1.1. First we
record a prior result:
Lemma 4.7. ([26] Proposition 4.4) Given a solution to (4.3) as above, one has
∂
∂t
|β|2 = ∆ |β|2 − |∇β|2 − ∣∣∇β∣∣2 − 〈Q,β ⊗ β〉+ 2ℜ 〈β, Tα ◦ ∂β〉 ,(4.4)
where
Qij = g
lkgqpTikqTjlp.
In fact the lemma above applies in any dimension, but the next corollary is special to n = 2.
Corollary 4.8. ([26] Corollary 4.5) Given a solution to (4.3) as above, one has
∂
∂t
|β|2 ≤ ∆ |β|2 − |∇β|2 .(4.5)
In particular, one has
sup
M
|βt|2gt ≤ sup
M
|β0|2g0 .(4.6)
Proof. The estimate (4.5) follows directly from ([26] Corollary 4.5) using that the background
metric is Ka¨hler. The estimate (4.6) follows directly from the maximum principle. 
The estimate (4.6) holds for any pluriclosed flow on a Ka¨hler surface. The next two propo-
sitions require that we are studying a pluriclosed flow associated to a generalized Ka¨hler-Ricci
flow with nondegenerate initial data. In particular we will assume the evolution equations and
a priori estimates of §4.1.
Proposition 4.9. Let (M4, gt, I, Jt) be a solution to GKRF with nondegenerate initial data in
the I-fixed gauge. Then there exists a constant C = C(g0, I0, J0) such that C
−1 ≤ det gdet g0 ≤ C.
Proof. Using Lemmas 2.2, 3.12, and 4.2 it follows that µ satisfies, in the I-fixed gauge, µ satisfies
∂
∂t
µ = ∆µ− Lθ♯µ = ∆µ = ∆Cµ.
A simple calculation then yields
∂
∂t
µ2 = ∆Cµ
2 − 2 |∇µ|2 = ∆Cµ2 − 8
1− p2 |θ|
2 ≤ ∆Cµ2 − δ |θ|2 ,(4.7)
for some universal constant δ. On the other hand, as discussed above one has c1(M, I) = 0,
and hence there exists a background Hermitian metric h such that ρC(h) = 0. Since we are in
the I-fixed gauge, the metric is evolving by pluriclosed flow, and hence from [26] Lemma 6.1 we
conclude that
∂
∂t
log
det g
det h
= ∆C log
det g
deth
+ |θ|2 .
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Applying the maximum principle directly to this yields an a priori lower bound for the volume
form of g. On the other hand, setting Φ = log det gdet h + δ
−1µ2 we obtain
∂
∂t
Φ ≤ ∆CΦ.
The maximum principle implies a uniform upper bound for Φ, which implies a uniform upper
bound for the volume form of g since µ is bounded above via Proposition 4.6. 
Proposition 4.10. Let (M4, gt, I, Jt) be a solution to GKRF with nondegenerate initial data in
the I-fixed gauge. Given a solution to (4.3) as above, there exists a constant C depending only
on the initial data so that for any existence time t one has
sup
M×{t}
∣∣∣∣∂f∂t
∣∣∣∣ ≤ C.
Proof. We construct a test function
Φ =
∂
∂t
f +A1 |β|2 +A2 |∇µ|2 +A3µ2,
where the choices of constants Ai will be made explicit below. We first compute
∂
∂t
∂
∂t
f =
∂
∂t
[
n− trgt
(
∂β + ∂β
)
+ log
det gt
det h
]
=
〈
∂g
∂t
, ∂β + ∂β
〉
− trgt
[
∂
∂t
(
∂β + ∂β
)]
+ trgt
∂g
∂t
=
〈
∂g
∂t
, ∂β + ∂β
〉
+ trgt ∂∂ft
= ∆Cgtft +
〈
∂g
∂t
, ∂β + ∂β
〉
.
Combining this with Lemmas 4.5, Lemma 4.7 and (4.7) yields that there is a small constant
δ > 0 such that(
∂
∂t
−∆C
)
Φ =
〈
∂g
∂t
, ∂β + ∂β
〉
+A1
[
− |∇β|2 −
∣∣∇β∣∣2 − 1
2
|T |2 |β|2 + 2ℜ 〈β, Tα ◦ ∂β〉]
+A2
[
θ ⋆∇ |∇µ|2 − 2 ∣∣∇2µ∣∣2 − δ |θ|4]+A3 [−δ |θ|2] .
Using (4.6) we have that
2ℜ 〈β, Tα ◦ ∂β〉 ≤ ǫ ∣∣∇β∣∣2 + Cǫ−1 |β|2 |T |2
≤ ǫ ∣∣∇β∣∣2 + Cǫ−1 |θ|2 .
Similarly, using that |θ|2 is bounded we can estimate
θ ⋆∇ |∇µ|2 = ∇2µ ⋆ θ∗2
≤ ǫ ∣∣∇2µ∣∣2 + Cǫ−1 |θ|4
≤ ǫ ∣∣∇2µ∣∣2 + Cǫ−1 |θ|2 .
We also note that as ∂g
∂t
is expressed in terms of one derivative of the Lee form and the Chern-
Ricci curvature, it follows from Lemma 3.13 that there is a constant C = C((1 − p2)−1) such
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that ∣∣∣∣∂g∂t
∣∣∣∣
2
≤ C
(∣∣∇2µ∣∣2 + |θ|4) .
Hence we can estimate∣∣∣∣
〈
∂g
∂t
, ∂β + ∂β
〉∣∣∣∣ ≤ C (∣∣∇2µ∣∣2 + |θ|4)+ C ∣∣∇β∣∣2 .
Putting these preliminary estimates together and choosing ǫ sufficiently small we obtain(
∂
∂t
−∆C
)
Φ ≤ ∣∣∇β∣∣2(C − A1
2
)
+
∣∣∇2µ∣∣2(C − A2
2
)
+ |θ|2 (C + CA1 + CA2 − 2δA3) .
It is now clear that if we choose A1 and A2 large with respect to controlled constants, then
choose A3 large with respect to controlled constants A1, A2, and δ we obtain(
∂
∂t
−∆C
)
Φ ≤ 0.
Applying the maximum principle yields an upper bound for ∂f
∂t
, and a very similar estimate can
be obtained on −∂f
∂t
, finishing the result. 
Proposition 4.11. Given the setup above, there exists a constant C depending only on the
initial data such that
|f | ≤ C(1 + t),
∣∣trgt(∂β + ∂β)∣∣ ≤ C.
Proof. The first estimate follows directly from Proposition 4.10. For the second we observe using
Propositions 4.9 and 4.10 that∣∣trgt(∂β + ∂β)∣∣ =
∣∣∣∣n− ∂∂tf + log det gtdet h
∣∣∣∣ ≤ C.

Proposition 4.12. Given the setup above, there exists a constant C depending only on the
initial data such that
trgt g0 ≤ CeC(f−inf f).
Proof. Fix some constant A, and let
Φ = log trgt g0 −A(f − inf f).
The function Φ is smooth on M , and Lipschitz in t due to Proposition 4.10. Using ([26] Lemma
6.2 and standard estimates, and combining with (4.3) yields
∂
∂t
Φ ≤ ∆Φ+ (C −A) trgt g0 +A
∂
∂t
inf f +A log
det gt
det h
.
As we noted, inf f is only Lipschitz in time, and so inequality holds in the sense of limsups of
difference quotients. Considering this at a spatial maximum for Φ, using the result of Proposition
4.9, and choosing A sufficiently large yields
∂
∂t
Φ ≤ −A
2
trgt g0 + C ≤ 0,
where the last line follows if the maximum value for Φ, and hence trgt g0, is sufficiently large.
This yields an a priori upper bound for Φ, after which the result follows. 
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5. Proof of Theorem 1.1
In this section we complete the proof of Theorem 1.1. We first establish the long time
existence, and then prove a series of lemmas leading to the weak convergence statement.
Proposition 5.1. Let (M4, g, I, J) be a nondegenerate generalized Ka¨hler four-manifold. The
solution to generalized Ka¨hler-Ricci flow with initial data (g, I, J) exists for all time.
Proof. Fix (M4, g, I, J) a nondegenerate generalized Ka¨hler four-manifold. Let (gt, I, Jt) be the
solution to GKRF with this initial data in the I-fixed gauge. From Proposition 4.6, we have a
priori estimates for (1 − p2)−1 and |θ|2 in the B-field gauge. As these are estimates on scalar
quantities associated to the time-dependent data, they hold automatically in every gauge. Next
we choose a solution (βt, ft) to the decomposed flow as in §4.2. Proposition 4.9 provides a uniform
bound for
∣∣∣log det gtdet g0
∣∣∣. Moreover, it follows from Proposition 4.11 that f − inf f ≤ C(1+ t), hence
Proposition 4.12 yields a uniform upper bound for trgt g0 on any finite time interval. Since the
volume form is already controlled, this implies C−1g0 ≤ gt ≤ Cg0, on [0, T ), for a constant C(T ).
We can now apply ([26] Theorems 1.7,1.8), there are higher order estimates for g on any finite
time interval. The claim of long time existence follows from standard arguments. 
Lemma 5.2. Let (M4, gt, I, Jt) be a solution to (1.1) in the I-fixed gauge. Given a ∈ Λ1(M),
one has
lim
t→∞
∫
M
|dp|g |a|g dVg = 0.
Proof. To begin we estimate ∫
M
|a|2g dVg =
∫
M
√−1a ∧ a ∧ ωα
≤
∫
M
|a|2ω |ωα|ω ω ∧ ω
≤ C
∫
M
(trω ωα)ω ∧ ω
= C
∫
M
ωα ∧ ω
= C
∫
M
ω ∧ ω
= C.
Then, using Propositions 4.6 and 4.9 we have that∫
M
|dp|g |a|g dVg ≤
(∫
M
|dp|2g dVg
) 1
2
(∫
M
|a|2g dVg
)1
2
≤ C |dp|g Vol(gt)
≤ Ct−1.
The lemma follows. 
Proposition 5.3. Let (M4, gt, I, Jt) be a solution to (1.1) in the I-fixed gauge. Then {ωKi(t)}
converge subsequentially as t→∞ a triple of closed currents {ω∞Ki}.
Proof. First recall that, as explained in §4.2, we know that there is a Ka¨hler metric ω such that
ωI(t) = ω + ∂αt + ∂αt.
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It follows that ∫
M
ωI(t) ∧ ω =
∫
M
ω ∧ ω ≤ C.
It follows from ([8] Chapter III Proposition 1.23) that the set {ωI(t)} is weakly compact in the
sense of positive currents. Similarly we have∣∣∣∣
∫
M
(ωJ)
1,1
I ∧ ω
∣∣∣∣ =
∣∣∣∣
∫
M
pωI ∧ ω
∣∣∣∣ ≤
∣∣∣∣
∫
M
ωI ∧ ω
∣∣∣∣ = C.
We next claim that (ωJ)
2,0+0,2
I is bounded in L
∞. First we note that it follows from Propo-
sitions 4.6 and 4.9 that the holomorphic symplectic structure Ω is uniformly bounded. Since
(ωJ)
2,0+0,2
I = q
−2Ω, Proposition 4.6 implies the L∞ estimate. Using this and ([8] Chapter III
Proposition 1.23) as above we see that {ωJ(t)} is weakly compact in the sense of currents.
It follows directly from (3.1), (3.3), and Proposition 4.6 that {ωKi(t)} is weakly compact for
i = 0, 1, 2. Hence any sequence of times admits a subsequence converging to a triple of limiting
currents {ω∞Ki} as claimed.
Next we show that these currents are all closed. We fix a ∈ Λ1 and compute,∣∣∣∣
∫
M
ω∞K1 ∧ da
∣∣∣∣ = limt→∞
∣∣∣∣
∫
M
ωK1 ∧ da
∣∣∣∣
= lim
t→∞
∣∣∣∣
∫
M
dωI ∧ a
∣∣∣∣
≤ lim
t→∞
∫
M
|Tg| |a|g dVg
≤ lim
t→∞
∫
M
|dp|g |a|g dVg
= 0,
where the last line follows from Lemma 5.2. Similarly,∣∣∣∣
∫
M
ω∞K2 ∧ da
∣∣∣∣ = limt→∞
∣∣∣∣
∫
M
ωK2 ∧ da
∣∣∣∣
= lim
t→∞
∣∣∣∣
∫
M
d
(
q−1ωJ − pωI
) ∧ a∣∣∣∣
≤ lim
t→∞C((1− p
2)−1)
∫
M
|Tg| |a|g dVg
≤ lim
t→∞C((1− p
2)−1)
∫
M
|dp|g |a|g dVg
= 0,
where again the last line follows from Lemma 5.2. Given this, it follows directly from (3.3) that
dω∞K0 = 0. The proposition follows. 
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